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Abstract 

In a previous paper, we showed how one can obtain from the action of a locally compact quantum 
group on a type I-factor a possibly new locally compact quantum group. In another paper, we applied 
this construction method to the action of quantum SU (2) on the standard Podles sphere to obtain 
Woronowicz' quantum E(2). In this paper, we will apply this technique to the action of quantum 
SU (2) on the quantum projective plane (whose associated von Neumann algebra is indeed a type 
/-factor). The locally compact quantum group which then comes out at the other side turns out to 
be the extended SU{1, 1) quantum group, as constructed by Koelink and Kustermans. We also show 
that there exists a (non-trivial) quantum groupoid which has at its corners (the duals of) the three 
quantum groups mentioned above. 

Keywords: locally compact quantum group; von Neumann algebraic quantum group; quantization of 
classical Lie groups; cocycle twisting; Morita equivalence 
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Introduction 

This is part of a series of papers ([3], [2]) devoted to an intriguing correspondence between the quan- 
tizations of SU{2), E[2) and SU{1,1), with the latter two groups being respectively the non-trivial 
two-folded covering E(2) xi Z2 of the Euclidian transformation group of the plane, and the normalizer 
of SU{1,1) inside 5L(2,C) (which contains SU{1,1) as an index 2 normal subgroup). In a sense, 
their duals form a trinity of 'Morita equivalent locally compact quantum groups'. There then exists 
a 'linking quantum groupoid' combining these three quantum groups into one global structure, and 
it is important to understand for example the (co) representation theory of this object. 



In this paper, we will treat the 'groupoid von Neumann algebra of the linking quantum groupoid be- 
tween the duals of SUq{2), Eq{2) and SJJq(l, 1)'. This object consists of three 'corners', corresponding 
to linking quantum groupoids of the pairs inside. The linking quantum groupoid between the pair 
consisting of the duals of SUq{2) and Eq(2) was treated in [2]. However, we will give here an alterna- 
tive description which is more in line with how a second linking quantum groupoid will be presented, 
namely the one between the duals of SUq{2) and SJJq{l, 1). It is this linking quantum groupoid which 
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will be the main object of study in the present article. The third linking quantum groupoid between 
the duals of Eq(2) and SUg{l, 1) can then easily be obtained by a composition procedure, while the 
global '3x3 linking quantum groupoid' is simply the three separate linking quantum groupoids pasted 
together. 

Let us now describe these objects and constructions in more detail, beginning with providing some 
more information on the quantum groups we mentioned. We note that all q's which appear in this 
article are real numbers satisfying < q < 1, and that we denote by No the set of natural numbers 
with excluded. 

The quantum groups SUq{2), Eq{2) and SUq{l, 1) 

Of the above quantum groups, SUq{2) is the most well-known one, and the easiest to handle. It is 
an example of a compact quantum group in the sense of Woronowicz ([2Q],[23]), and was introduced 
by him in [H] as a 'twisted' or g-version of the ordinary SU (2)-group. It appears in different guises, 
depending on what type of functions one considers on this quantum group: polynomial, continuous 
or measurable. All of these viewpoints can be shown to correspond to the same 'virtual object' that 
is SUq{2), and the passage-way between them is easy to describe. In this paper, we will only need 
the von Neumann algebraic picture, so we will state the definition in this context, even though this 
is certainly not the most suitable way to present it. We first introduce some terminology. 

Definition 0.1. A von Neumann bialgebra (M, Ajv/) consists of a von Neumann algebra M and a 
faithful normal unital * -homomorphism Am : M — > M0M satisfying the coassociativity condition 

(Am ® O^M = ® Aa/)Aa/. 
The following is a definition of SUq(2) on the von Neumann algebra level. 

Definition 0.2. Denote /_|_ = N, and denote by the Hilbert space 1^{I+) Consider on it 

the operators 

fceN 

where the Cij denote the standard matrix units, and where S denotes the forward bilateral shift. 

Then the von Neumann bialgebra (^'^(5C/g(2)), A+) consists of the von Neumann algebra 

^°°(5C/,(2)) = B{fm))®^iZ) c 
equipped with the unique unital normal * -homomorphism 

A+ : ^"(5C/,(2)) ^ ^*(5C/g(2))®^"(5C/,(2)) 

which satisfies 

I A+(a+) = a+ ® a+ - qb^ ® b+ 
\ A+(6+) = 6+®a+ +a* ®6+. 

This particular von Neumann bialgebra (^'^(S'C/q(2)), A_|_) will in fact have some extra structure 
which really qualifies it as 'the space of bounded measurable functions on a (locally) compact quan- 
tum group', but we will not need this extra structure in this paper. 
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Of course, one has to verify that the above definition is meaningful. There are two ways of establishing 
this: the first and more natural one is to introduce first SUq{2) in a different way (by considering 
say its associated Hopf *-algebra), and then to use its extra structure (the existence of an invariant 
positive state) to pass to the von Neumann algebra level, and to prove the equivalence with the above 
definition. 

A second way consists of finding a unitary which implements A_|_ on the generators a+ and 6+. The 
coassociativity condition will then automatically be satisfied, since it is satisfied on the generators 
a+ and 6_|_ of ^'^{SUq{2)). This method is a lot more computational, and makes use of some non- 
trivial g-analytic facts. However, it is this approach which is most suited for the purpose of this article. 

Before introducing this method, let us first make some remarks on notation. We will use standard 
notation for all things q (see [6]). More precisely, for n 6 N u {00} and a e C, we denote 

n-l 



k=0 

and 

(ai,a2, . . .,am;q)n = {ai;q)n(a2;q)n ■ ■ ■ (am;q)n, 

while we denote by r^s the basic hypergeometric functions. We also borrow the following notation 
from [TT] . 

Definition 0.3. The entire function z —> ^ \q,z^, depending on the parameters a, 6 6 C, is 
defined as 



Then if 6 e C\g' ^, we have 

I 9'^^ = (^59)00 iV^i ^ \q,z 

We can now state the following Proposition. We refer to AppendixElfor some information on how it 
can be deduced from well-known observations in the literature. 

Proposition 0.4. Writing again /_|_ = N, we denote by the following function on /_|_ x x 



or equivalently, 



(r,2v+2 „2p+2.„2\V2 / -2w „-2v „-2p 

P}ip,vM = (-l)V-^H^^-^^) J ;7;/2 3V^2 ( ' I I \q\e]. (1) 



Then for r, s, t e Z and p 6 /+, the vectors 

^'r,s,p,t ~ ^ -^g2 (P) V, w)ey (X) Cr+p—w (8) Cui 8) Gs-p+v 
v—w=t 
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form an orthonormal basis of = (g)P{Z)) ® 0p{Z)). 



Moreover, denoting by W+ the unitary 

W+:je+®J^+^ 1^{Z) ® 1^{Z) ® : ^ er ® e, ® Cp ® et, 

we have 

W*{l0x)W+ = A+(x), for all x e ^*(5C/,(2)) = B {f {I ^))®^ {Z) . 

Note that there is some freedom in the choice of the ^ ^ if we only want them to implement the 
comultiplication. However, the above form is the most natural one to choose. 

Let us now move on to the quantum group Eq{2). Also this object was introduced by Woronowicz 
(at least on the operator algebraic level, [21])) and is a (7- version of the group of matrices 




a, 6 e C, \a\ = 1}, 



which has an alternative abstract description as the double cover of the group E[2) of Euclidian trans- 
formations of the plane. Also in this case, one has a set of different structures to consider, depending 
on which function algebra one is interested in. However, the passage between these structures, no- 
tably between the algebra of polynomial functions and the algebra of bounded continuous/measurable 
functions, is now not so straightforward as in the previous case. The main obstacles are the lack of 
a well-behaved invariant functional on the purely algebraic level, and the necessity to work with 
unbounded operators in the operator algebraic setting. This prohibits to treat the possible correspon- 
dence within a general framework. For the particular case of Eq{2) however, things are still quite 
well-behaved. 

The following definition of Eq{2) is essentially the one which appears in [2T], but lifted to the von 
Neumann algebraic setting. 

Definition 0.5. Denote Iq = Z, and denote by the Hilbert space l'^{lQ)®f{Z). Consider on it 
the unitary operator 

ao = 5*®1, 

where S* denotes the backward bilateral shift (acting on the first factor), and the unbounded normal 
operator 60 which has the linear span of basis vectors e„ ® as its core, with 

&oe„ ®efc = g"e„ ®efc+i, k,n€Z. 

Then the von Neumann bialgebra (^^{Eq{2)), Aq) consists of the von Neumann algebra 

^«(^,(2)) = B(/2(/o))®^(Z) c B{J%), 

equipped with the unique unital normal * -homomorphism 

Ao : ^*(^,(2)) ^ ^«^(^,(2))®if«^(^,(2)) 

which satisfies 

Ao(ao) = ao ® ao 
Ao(6o) = ^0 ®ao+a(5 ®6o, 

where + means 'the closure of the sum of two unbounded operators '. 
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Also in this case, (^'^{Eq(2)), Aq) carries extra structure which makes Eg(2) ehgible to be called a 
locally compact quantum group. 

As for SUq(2), it is of course not obvious on first sight that the above definition makes sense. But 
one can again find a unitary implementing it: the following Proposition could in principle be deduced 
from the results of [lOj, but we will give another argument in the main body of the text, based on 
Proposition 10.41 and the results of [2] (see Proposition I4.2p . 

Proposition 0.6. Writing again Iq = Z, we denote by P^2 the following function on Iq x Iq x Iq: 

Then for r^s,t eT, and p e Iq = the vectors 

^r,s,p,t = XI -^9° "'^^'^ ® er+p-w ® e^„ ® Cg-p+y 

v,welo 

v—w=t 

form an orthonormal basis of Jifo(g)J% = (P (Iq) (g) P (Z)) ® {P (Iq) <g) f (Z)) . 

Moreover, denoting by Wq the unitary 

Wo : ^ ® ^ ^ f(Z) ® /2(Z) ® : ^ ® e, ® Cp ® et, 

we have 

W^{l®x)Wo = Ao(x), for all x e ^°°{Eg{2)) = B{P{Iq))®^{Z). 

Finally, we have the locally compact quantum group SUq(l,l) to discuss. A first question that im- 
mediately comes to mind is: why SUq{l, 1) and not SUq{l, 1)? This is because of the 'no-go theorem' 
of Woronowicz (cf. [22j), which says that SUq{l^ 1) simply can not exist as a locally compact quantum 
group. This is not as bad as it sounds: due to a key observation of Korogodsky ([13])) it turns out 
that a close companion to SU{1^ 1) allows a g-deformation into a locally compact quantum group, 
namely the normalizer SU {1,1) of SU {1,1) inside 5L(2,C). But one had to wait till [11] for the 
first rigorous results that this object really existed in the operator algebraic framework (and more 
particularly, fitted in the setting of 



The presentation in [TT] in fact started from a concrete unitary implementing the coalgebra structure, 
because it turned out that the accompanying Hopf algebra structure was too weak to capture all nec- 
essary information. Hence the treatment of this quantum group had a lot more (/-analytic machinery 
running in the background. 

To state the definition of SUq{l, 1), we first present some auxiliary notation as in the original paper 

m- 

Notation 0.7. We denote = Z, /["^ = Ng = {m 6 Z | m < 0}, and /_ = u the 
disjoint union. We write p e I^-^ as p+ when we interpret it as an element in and we write p for 
an indeterminate element in {p+,p-}. We denote 

c : I- ^ Z2 : p+ ^ ±, 

so that p = Pc{p)- 
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The way in which we will present the definition is slightly different from the one in [llj . We again 
refer to appendix |A] for more information on the equivalence between the two definitions. 

Definition 0.8. Denote by P^2 the following function on I- x I_ x I_: for p^u^uj e { + }, we put 

^ I 2v-2w+2 I 9 , P^q 



Denote J^f- = ® /^(Z). Then for p 6 /_ and r,s,t sIj, the vectors 

C^s,p,t = (P' ^' '^^^^ ® er+p-w ® Cw ® es-p+v 

v,we/— 

c(v)c(w)=c(p) 

form an orthogonal basis of Jif- J>^- . 

If we then define W- as the unitary 

W_ : J^_®J^_ ^ ® ® ^_ : e;;,,p,t ^ ® e, ® Cp ® e*, 

the application 

X A_(x) := Wl{l®x)W- 

defines a von Neumann bi-algebra structure on J^'^{SUq{l, 1)) = (Z). 

We will not present here the associated (and incomplete) Hopf algebraic picture. We refer the reader 
to the original paper [11] for this. However, it should be mentioned that the incompleteness of the 
Hopf algebraic picture is in some sense related to the fact that in the operator algebraic picture, 
certain 'off-diagonal corner operators' are introduced, namely the ones intertwining the and 
/(~^-part. In the Hopf-algebraic setting, there is no trace of these. For this reason, we have some 
doubt that SJJq{l,l) should really be interpreted as a g-deformation of Stl (1,1). Rather, it seems 
to us that it is a 'non-commutative blow-up' of the ordinary 5*^7(1, l)-group (by changing C into the 
Morita equivalent M2(C), in some vague sense). For this reason, it is perhaps better to stick with 
Woronowicz' nomenclature 'extended quantum 5C/(1, l)-group'. 



Connecting the quantum groups by means of a linking quantum 
group oid 

We now come to the notion of a linking weak von Neumann bialgebra between these structures. A 
general theory of such objects was treated in [Ij (see also [2] for some motivation), but we will here 
only present the essence of the structure for the situation at hand. 

The observation is quite simple: consider the Hilbert spaces .^j^^Mq and introduced in the 
definitions of the previous subsection, and form the direct sum Hilbert space ^ = M"- @ @J^+, 

which we may present in the column form I J% |. Then we have a left action on this by the direct 

sum von Neumann algebra 

_ / ^*(5C/,(1,1)) \ 

if°°(5C/,(l,l))©^»(^5(2))©^°°(5f/q(2)) = ^^(^5(2)) 

V ^'^{SUg{2)) J 
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But the definition of the von Neumann algebras of these quantum groups immediately suggests how 
this pattern can be completed at the non-diagonal entries: simply define 



^(-,-) 


^(-,0) 


^(-,+) \ 




/^_\ 


^(0,-) 


^(0,0) 


^(0,+) 


on 




^(+,-) 


^(+,0) 


^(+,+) / 




I 



where 6 { — ,0,+}, and with the defined in the definitions of the previous subsection. Then 
the ^{iJ,,fi) coincide with the ^"^-von Neumann algebras of our respective quantum groups, while 
we now also have the action of 

Q = 

(We want to stress however that the ^(/i, i') for ^ ^ v are not von Neumann algebras, only Hilbert 
W*-bimodules!) 

The next objective is then to generalize the comultiplications of the diagonal entries .^(/U, /i) to 
the off-diagonal parts. Also this is easy to do given all the structure at hand. To introduce this 
comultiplication, let us first remark that by the notation .if (//, i/)(g)^(/i, i/), we mean the cr- weak 
closure of the algebraic tensor product of these two spaces inside B{,3^^ We can 

then collect all these tensor products together in a balanced or 'C^-fibred' tensor product of Q with 
itself: 

/ ^(-, -) ^(-,0)(8)^(-,0) ^(-,+)(g)^(-,+) 
Q*Q:= ^(0,-)®^(0,-) ^(0,0)(g)^(0,0) ^(0, +)(g)^(0, +) 
V ^(+,0)(8)^(+,0) ^(+, +) 

which is a unital von Neumann subalgebra of B j ® 1 . The von Neumann algebra Q * Q 

\ ^+® jr+ / 

can also be identified with a corner of the tensor product Q<S)Q, namely with h(Q0Q)h, where h is 
the projection 

/i = 1_ ® 1_ -Mo ® lo + 1+ ® 1+, 

the lfj_ denoting the units in ^{^, fi). (It is clear how to form then the triple fibred product Q*Q*Q 
etc.) 

We can now define the comultiplication maps A^,y on the off-diagonal parts: they are given by 

where the were defined in the definitions of the previous subsection. Of course, one must prove 
that A^jy has the above range, but this is not so difficult to establish in a direct manner (see e.g. the 
proof of Proposition 3.8 in [llj). We can further collect these maps together into a map 

Aq : Q ^ Q * <3 ^ Q®Q 



x-Q X-+ \ / A — {x — ) A_o(x_o) A_+{x_+] 
xoo xo+ ) = Ao_(a;o_) Aoo(a;oo) Ao+(xo+) 
x+o X++ J \ A+_(x+_) A+o(x+o) A++(x++] 

where x^u € =$?(//, v). This map is then obviously a faithful normal *-homomorphism by definition of 
the maps A^^. Whether it is unital depends on the precise choice of range: if one takes Q * Q as the 
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range, then the map is unital; on the other hand, if one chooses Q®Q as the range, then it is not. 
This is simply because the unit of Q * Q is the projection Aq(1) = /i of Q®Q which we introduced 
above. 

We can now state one of the main observations in this paper. 
Theorem 0.9. The comultiplication Aq : Q Q®Q is coassociative. 

Using the terminology of [Ij in the von Neumann algebraic setting, this will qualify (Q,Aq) as a 
weak von Neumann bialgebra. Because of its particular structure, we call it a (3x3-)linking weak von 
Neumann bialgebra (see ||4j). It can be interpreted as (the groupoid von Neumann algebra pertaining 
to) a kind of quantized groupoid with three classical objects and the duals of the quantum groups 
SUq{2), Eq{2) and SUq{2) as its isotropy groups. This is also the reason why we then call these duals 
'Morita equivalent quantum groups', as the previous description is closely related to how Morita 
equivalence between (classical) group oids is defined by means of a linking groupoid. See again [2j for 
some more intuition behind these concepts. 

Projective corepresentations 

We now comment on the way we prove this Theorem. Our method is not straightforward, and in 
fact, we must admit that we have not even tried very hard to prove Theorem 10.91 bv direct means. 
This is because we hope that our method, though roundabout, is much better suited for generalization. 

The main idea to prove Theorem 10.91 is the following. We first make the apparently unrelated and 
easy observation that for a locally compact group G, there is a close connection between actions on 
(separable) type /-factors on the one hand (i.e., actions on von Neumann algebras of the form B[M') 
for some (separable) Hilbert space M'), and (measurable) unitary 2-cocycle functions on G on the 
other. Indeed, given such an action, one can choose for each group element a unitary implementing the 
associated automorphism, and this will then provide one with an fi-projective representation for some 
unitary 2-cocycle function $7 (which can be taken to be measurable if the unitaries are well-chosen). 

The philosophy is now that in the quantum setting, the proper generalization of a 2-cocycle function 
is a (2x 2-)linking weak von Neumann bialgebra. Indeed, we showed in [4] that, given any coaction of 
a von Neumann bialgebra on a type /-factor (which we then called a projective corepresentation, see 
section [T] of the present article) , one can construct from this a linking weak von Neumann bialgebra 
(uniquely determined up to isomorphism). Observe that we started with one von Neumann bialgebra, 
but that a linking weak von Neumann bialgebra has two von Neumann bialgebras inside. Indeed, 
the other von Neumann bialgebra is 'hidden somewhere' in the projective corepresentation! This is 
a generalization of the notion of twisting a von Neumann bialgebra by means of a unitary 2-cocycle. 
(In fact, our main example will arise from a genuine 2-cocycle twisting, but in a non-natural way. We 
will therefore not emphasize it in this paper, but refer to Proposition 4.3 of ^ to see the connection.) 

The main observation then is that for SUq(2), there are two very natural such projective repre- 
sentations, namely by considering the action on either the standard Podles sphere, or on a certain 
Z2-quotient of the equatorial Podles sphere (which can be interpreted as a quantum projective plane, 
[8]). Indeed, one can show that the von Neumann algebras associated to these quantum homogeneous 
spaces are both type /-factors. Thus one can consider their associated 2x2-linking weak von Neumann 
bialgebras, and combine them (by a composition procedure) into a 3x3-linking weak von Neumann 
bialgebra. This will turn out to be precisely the object described in Theorem 10. 9^ hence proving the 
claimed coassociativity property in an indirect way. 
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Of course, with this discussion alone, it is not clear why one should expect the quantum groups Eq{2) 
and SUq{l, 1) to pop out of these constructions. In fact, we are not sure if one can figure out a priori 
precisely which quantized Lie group will appear, but one can get some information on its associated 
quantized Lie algebra. Lideed, in [3J, an infinitesimal picture was presented of a dual version of the 
object {Q,Aq). This is in fact how we discovered the possibility to 'deform' or 'twist' SUq{2) into 
the other two quantum groups (see [3] for some more information, and for the link with actions on 
quantum homogeneous spaces). 

It is our hope then that this method will allow us to obtain locally compact quantum group versions of 
g'-deformations of some higher-dimensional Lie groups. (We are allowed to use the terminology locally 
compact quantum groups, which correspond to von Neumann bialgebras with invariant weights, by 
Proposition 3.7 of [4J.) Indeed, the fact that as complicated a quantum group as 5C/q(l,l) can be 
obtained from this procedure, gives good hope. We want to stress that the advantage of this method 
is the following: actions of a compact quantum group, even on a type /-factor, can be described in a 
purely algebraic way. Then our general principle gives for free a new locally compact quantum group 
(and a linking structure), and the difficult analytic computations are relegated to an identification 
problem, not an existence problem. However, at the moment of writing, such generalizations have 
not been attempted yet, so it may well be that we are looking at an isolated phenomenon in the 
setting of quantum Lie groups (though it should be mentioned that on the infinitesimal level, the 
higher-dimensional analogues are very easily obtained). 

Contents of the paper 

In the first section, we will state the main facts concerning the theory of projective corepresentations 
of von Neumann bialgebras (taken from [4j). 

The second section begins with some preliminaries on the action of SUq{2) on the so-called 'equatorial 
Podles sphere' and on the quantum projective plane (we take [8| as the reference here, since both these 
objects are treated there together, and moreover the same conventions as ours are used). We then 
present the spectral decomposition of the action of SUq{2) on the quantum projective plane (but rel- 
egate the proof to appendix[B]), and find in this way a concrete unitary which 'implements' this action. 

In the third section, we apply to this action the 'projective corepresentation =^ linking weak von Neu- 
mann bialgebra' construction we explained in the introduction, and show that the resulting object 
coincides with a 2x2-corner of the structure described in Theorem 10.91 In particular, this will show 
that this 2x2-corner has indeed a coassociative coproduct. 

In the fourth section, we revisit some of the material of [2] to show that another of the 2x2-corners 
of the object in Theorem 10.91 has a coassociative coproduct. We then end this section with the proof 
of Theorem [03 

In AppendixlAl we show that the definitions of SUq{2), Eq{2) and SU q{l, 1) we gave in the introduc- 
tion are equivalent to the usual ones. In Appendix [Bl we carry out the computation of the spectral 
decomposition of SUq{2) on the quantum projective plane. In Appendix\^ we prove some summation 
formulas for basic hyper geometric functions which were used in the article. 

Conventions and notations 

By N, we denote the set of natural numbers with zero included. By No, we mean N\{0}. (This is 
important to mention since another convention is followed in jllj!) 
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We will mostly work with Hilbert spaces of the form where / is an index set. We then denote 

by Cj the canonical basis vectors, and by Cij the corresponding canonical matrix units in B{P{I)). We 
denote by Uij the normal functional (cj, -ej} on B{l'^{I)) (we assume linearity in the second factor). 
When we write Cij or Cj with i or j ^ /, the element is interpreted to be zero. 

The spatial tensor product between von Neumann algebras is denoted ®. The ordinary tensor prod- 
uct between Hilbert spaces is denoted as ®. The algebraic tensor product between vector spaces is 
denoted as 0. 

When A c B{Jlfi,M2) and B £ J^) are linear spaces of maps between certain Hilbert spaces, 

we will denote B ■ A = {X!r=i I ^ ^ £ B, ai e A). 

We use the leg numbering notation for operators on tensor products of Hilbert spaces, as is customary 
in quantum group theory. E.g., if Z : J^®^ J^®^ is a certain operator, we denote by Zi^ the op- 
erator Jlf®^ .M'®'^ acting as Z on the first and third factor, and as the identity on the second factor. 

In many formulas, we will use the notation + and +. This means that such a formula splits up into 
two formulas, one in which every + is replaced by -I- and + by — , and one in which + is replaced by 
— and + by -|-. 



1 Projective corepresentations 

We already used the terminology 'projective corepresentation of a von Neumann bialgebra' in the 
introduction. Let us be a spell out the definition. 

Definition 1.1. Let (M, Aj\,/) he a von Neumann bialgebra, and a Hilbert space. By a (unitary 
left) projective corepresentation of {M, Am) on , we mean a coaction 

a : B{je) M®B{J^), 

that is, a faithful unital normal * -homomorphism satisfying the coaction property 

{l ® a)a = {Am ® i)a. 

For the applications in the subsequent sections, we will always have = /^(N) (in a 'natural' way). 
For the rest of this section, we then fix a von Neumann bialgebra (M,Am) and a left coaction a of 
{M,Am) on B{P{H)). We further assume that M is represented on a Hilbert space in a normal, 
faithful, unit-preserving way, so that we may identify M c B(J(f). 

The following notion was introduced in [4|. 

Definition 1.2. Denote J = a(eoo)(^ ® /^(N)). The unitary 

iEl 

will be called the implementing unitary of a. 

It is easy to see that the above map Q is indeed a well-defined unitary. Its adjoint is given by 

g* : J ^ je : i®5i ^ a(eio)e 
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For any x e S(Z^(N)), we then have 

G%l®x)g = a{x), 

which fohows most easily if one takes x a matrix unit. We also note that the matrix coefficients of Q 
may be interpreted as Clebsch-Gordan coefficients of a. 

Remark: For the purposes of this section, it will be convenient to keep the concrete Hilbert space as 
given above. However, in the later applications, it is more suitable to 'reparametrize' , i.e. to take a 
unitarily equivalent copy. In this paper, this will not cause any difficulties. However, we remark that 
taking a different parametrization inside the same Hilbert space has some representation-theoretic 
consequences (see [1], Proposition 3.5). 

Notation 1.3. We denote N c B{J(f , ^) for the a-weak closure of the linear span of the set 

{{i^®oooi)iQ)m I i,j 6N,meM} c B{Jf,J), 

i.e. the a-weak closure of the right M-module generated by the elements in the first row of Q. We 
denote O = N* ^ B{^,J^) for the space of adjoints of elements in N. Finally, we denote by P the 
a-weak closure of the set O ■ N <^ B{J^). 

By definition, is a right M-module. It is further easy to compute that 

{i®uJoi){g)*(L®uJok)(g) = ii®uJik)(a{eQo)) s M, for aU i,keN, 

so that O ■ N <^ M c B{ J(f). We then also have that N ■ O <^ B( J^) is a *-algebra, and hence P is a 
von Neumann algebra. 

The following was proven in [4J, Proposition 3.6. The proof is not very hard, and follows quite 
immediately from the two distinguishing properties of Q, namely its unitarity and the fact that it 
implements a. 

Proposition 1.4. Write Q for the space 

P N \ ^ 
O M )-^\ JT 

Then Q is a unital von Neumann subalgebra of B(l ^ j). Moreover, we have N ■ = and 

The final properties imply that (Q,e), with e = ^ ^ Unking von Neumann algebra 

(between P and M), in the sense that both e and (1 — e) are full projections (i.e. O ■ N and N ■ O are 
£7- weakly dense in respectively M and P). We will occasionally write the components P, N,0, M as 
Qij, i,j e {1,2}. 

We now show that the von Neumann algebra Q of the previous Proposition is endowed with more 
structure, namely, that it carries a coassociative comultiplication. For the proof of the following 
Proposition, we again refer to [1], Proposition 3.6. 



Proposition 1.5. Let Q be the unitary implementing the projective corepresentation a : B{P{H)) 

P N 
O M 



P N 

M®5(/2(N)), and let Q = { ^ ] be the von Neumann algebra as constructed above. 
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Then g e N(^B{P{'N)), and, denoting 



n n - ( \ c- u(( V 

^*^~\0®0 Mm J 

there exists a unique unital, normal, faithful and coassociative * -homomorphism Tq : Q ^ Q*Q such 
that TqlQij) c Qij^Qij, such that the restriction ofVq to M coincides with Ajvf, and such that, 
denoting byT]\f the restriction ofVq to N , we have 

(Fat ® /,)(£/) = ^13^23- 

The previous Proposition thus shows how the coaction a of (M, Ajvf) on S(Z^(N)) has given rise to 
a linking weak von Neumann bialgebra {Q^Tq) (see Definition 0.3 of [1]), and in particular to a new 
von Neumann bialgebra (P, Fp) = {Qu^Tn). It is this construction method which we explained in 
the introduction. 

In this paper, the projective corepresentation a under consideration will be the restriction of another 
coaction a. The following discussion is devoted to the extra structure that will be present in this case. 

Consider the von Neumann algebra B{f{n)) @B{f{n)). We can identify it with C{Z2,B{f{n))), 
the space of functions from Z2 to i?(/^(N)), where we will write Z2 = { — , + } for convenience. We can 
then consider the following maps: the projection maps obtained by evaluation, 

7r+ : B{f{n))@B{f{n)) ^ S(^2(N)) : x ^ x(±), 

and the diagonal embedding map 

d : B{l'^(M)) B{l'^{N)) © B{l'^{n)) : x d{x) =x@x. 

Then 7r+ o d = 7r_ o d = i^B{i'^(n))^ the identity map. We also have the flip map 

a : © S(Z2(N)) ^ B(/2(N)) © ^(/^(N)) : x © y ^ y © x, 

which induces an action of Z,2- Then d{B{l'^{H)) consists precisely of the fixed elements for a. We will 
further write e^.^-* = 0@eki and e^.^ ■* = e^i ©0, and similarly for the units in these fibers: l^"*") = 0©1 
and l(-) = 1 ©0. 

We will now assume that the von Neumann bialgebra {M,Am) has a coaction 

S : B{f(N))®B{f{N)) ^ MiS)(B{f(n))®B{f(n))), 
which is equivariant with respect to a: 

a o a = {i (S) cr) o a. 

Then it is clear that 3 restricts to a coaction of M on d{B (l'^ (N))) . We then further assume that our 
given coaction a on B{P{f^)) and the restriction of 3 to d{B{P{f^))) coincide by the isomorphism 
d : B{P{N)) d{B{P{n))): 

a o d = (t ® d)a. 

Notation 1.6. We denote 

3+ = (i®7r+)3 : C(Z2, ^(/^(N))) ^ M®B(/2(N)). 
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For the following Proposition, recall that we use the notation Q for the projective unitary corepre- 
sentation associated to a (Definition II. 2p . the notation ^ for the space a{eoo){J^ and the 

notation (P, Fp) for the von Neumann bialgebra as constructed in Proposition 11.51 

Proposition 1.7. Denote 

e = S+(l(+) - e M®B{f{N)). 
Then there exists a self-adjoint grouplike unitary e in P such that e = ty*(e (x) 1)Q. 
Recall that the group-like property means that Fp(e) = e ® e. 
Proof. Denote 

- f (+)^ 
Pi = "+(eoo )> 

P2 = 3+(ej)o^), 

then pi and p2 are orthogonal projections summing to a(eoo)- In particular, pi ^ a(eoo)! and hence 
they correspond to projections pi in B{^) by the formula j5j = Q* {pi®eQo)Q . Since pi s M(g)i?(/^(N)), 
we actually have 

Pi= {''®^ok){Q){i'®^ki){Pi){f^®^oiiG)T ^ P- 

Then e := pi — p2 is a self-adjoint unitary in P. We prove that it satisfies the conditions above. 

Write qi = a+(l(+)). Then we have, for ^ e ^"^(M) 0p{n): 

g*{pi®lW^ = g*{pi®l)J]{a{eoi)0®ei 

i 

= a*(pi(x)l)2(3+((i(eo^))0®ei 

i 

= g*j;(a+(eW(e(T)+eW))0®e. 

i 

= g*Y{a{eoi)a+{e\;^)0®ei 

i 

= J]a(e,,)(a+(eW)e) 

i 
i 

= qi^- 

This proves that e = ^*(e ® 

We now prove that e is grouplike. First, we compute that 

(Fp(e) 01)^13^23 = (Fp(e)®l)(F7v®0(6^) 
= (Fiv®0((e®l)^) 
= (F7v®0(6^e) 

= ^i3fe(AAf ® 0(e)- 

On the other hand, 

(6 6 01)^13^23 = ((6 ®l)a)l3((6® 1)^)23 

= (^6)13(^6)23 

= ^/I3ei3fee23 

= ^I3fe(''®a)(e)e23. 
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So from the above two computations, we see that it is sufficient to see if 

(;.®a)(e)e23 = (Am® 0(e), 

i.e. that e is an a-cocycle. Bringing 623 to the other side, and writing out the expressions with use of 
the coaction property (6®3)S = (Am (x)i)3!, this becomes, writing / = l^"*") — 1^"^, 

(6®a)(a+(/)) = (.®a+)(a(/)(i®/)). 

Now 

(i®a)(s+(/)) = (t®a+)((i®d)a+(/)), 

so it is sufficient to prove that 

(6®d)a+(/) = a(/)(i®/), 

which is equivalent with the identity a_|_(/) = — a_(/). But this follows immediately from the 
equivariance of a with respect to a, and the fact that (j(/) = — /. 

□ 

It is convenient to split up Q with the aid of the projections constituting the group-like element e 
above. 

Notation 1.8. Let a be a a-equivariant coaction of M on B{l'^(M)) ©i3(/^(N)) which restricts to a 
as above. Let e e P be the group-like element of Proposition and write e = p+ — p^ with and 
P- orthogonal projections in P. Then we write 

g(±) = {p+®i)g. 

It is clear that Q^-^ are then isometrics with range (p+=/^) ® Z^(N). Let us record the following fact. 

Lemma 1.9. Using the notation from Proposition I j.5l (with respect to a) and the Notation we 
have that g(±) 6 N®B{f{n)) and 

Proof. As p+ 6 P, it is immediate that ^^-^ = (p+®l)^ 6 A^®i?(/^(N)). Moreover, as e is a group-like 
element in P, it follows that 

Vp{p+) = p+ ®p+ +p_ ®p_ 

and 

Tp{p_) = _p+ ®p_ +p_ ®p+. 

As TN{xy) = rp(x)rjv(y) for 6 P and y ^ N, and {Tiy(S)L)g = ^isfe, the formula in the statement 
of the Lemma follows. 

□ 

2 On the action of SUq{2) on the quantum projective 
plane 

2.1 The equatorial Podles sphere and the quantum projective plane 

In [2], we showed how one can apply the theory of the previous section to the action of SUq{2) on 
the standard Podles sphere (i.e. the one which arises as the quotient space by the S'^-action). In this 
paper, we will need to consider another Podles sphere, namely the equatorial one (which is the other 
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extreme point in the moduli space of Podles spheres). Let us recall the definition in the version which 
will be of most use to us. The equivalence of this definition with the ordinary one as a universal object 
can be found for example in [8] . We also refer to that paper for the notion of the quantum projective 
plane (note that this 'projective' is unrelated to the one of the previous section!). We will keep using 
the notations s,d and 7r+ we introduced near the end of the previous section. 

Definition 2.1. Denote by Y^-^ and W^-^ the following operators on /^(N).- 

fceNo 

keN 

Consider then Y,W s C{Z2, B{P{N))) = B {P (n)) ® B (P (n)) , with 

y(/i):=y(^), 

W{fi) := W^^'\ 

Then the unital C* -algebra C{Sg^) generated by Y and W is called the space of continuous functions 
on the equatorial Podles sphere Sg^. 

The 'L2-action a on C{Z2,B(P{n))) restricts to an action 0/Z2 on C{S'^^), given on the generators 
as (t{Y) = —Y and a{W) = —W. We denote the space of ^2- fixed elements as C(MPg), and call it 
the space of continuous functions on the quantum projective plane MP^ . 

It is well-known that SUq{2) has a natural ergodic action Q on iSgoQ. Since it commutes with the 
Z2-action (see e.g. Remark 4.2 in [8]), we then also have an ergodic action a of SUq(2) on MPg(2). 
Now in Lemma 6.5 of [18], it is shown that the ensuing S'C/g (2)-invariant state co on C(Sq^) is obtained 
by applying the functional 

uj{x) = -{uj{x{+)) + uj{x{-))) 

on C(52^) ^ C{Z2, B{P{N))), where w is Tr( • D) with D the trace class operator (1 - g2)Diag(g2'=). 
From this, and the fact that C(5^^)" = C(Z2, B{l^(N))), it follows that the von Neumann algebra 
■^'°(5'goo) = 7rs(C(5'2^))", with vrs the GNS-representation, may be identified with C{Z2, B{P{n))), 
in such a way that tt^^IY) and TTci{W) coincide with respectively Y and W. 

It then also follows that if°°(Mp2) = tt^(C{RP^))" may be identified with ^(^^(N)) ^ d(B{P{n))) c 
C(Z2,P(/2(N))), the space of constant functions from Z2 to ^(^^(N)). 

As it is well-known (and easy to show) that any ergodic action of SUq{2) on a C*-algebra can be 
completed to a coaction of (SUq(2)) on the von Neumann algebraic completion of the C*-algebra 
in its GNS-representation with respect to the action- invariant state on it, we then obtain, from the 
ordinary algebraic definition of the actions of SUq{2) on the equatorial Podles sphere (cf. pT].p^) 
and on the quantum projective plane, the following von Neumann algebraic descriptions. 

Definition 2.2. We denote by a the unique coaction of ^'^{SUq{2)) on^*(S'2„) ^ C(Z2, ^(^^(N))) 
such that 

a(y*) = {a\f ® y* - q{l + q^)a\b+ ®W -qbl®Y. 
a{W) = albl (X) y* + (1 - (1 + q^)blb+) ®W + b+a+ ® Y, 
a{Y) = -q{blf ® y* - q(l + q^)bla+ ®W + al®Y, 
This coaction is then Z2-equivariant. 

We denote by a the restriction of a to a coaction on ^'"{RP^) = B{f{N)) ^ ^(^(^^(N))). 
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Note then in particular that a is a coaction of the form treated in the final part of the previous section. 

2.2 Spectral decomposition of the SUq(2)-a.ct'ion on the quantum 
projective plane 

In the previous section, we showed that the action of SUq{2) on the quantum projective plane MP^ 
gives rise to a coaction 

a ■ Bifin)) ^ ^«'(5C/,(2))®B(/2(N)), 

which is hence a projective corepresentation oi {SUq{2)) on /^(N) in the terminology of Definition 
11.11 In this section, we want to find an explicit description of the associated unitary Q which we 
introduced in Definition II. 2 [ 

Denote again by and e^^^ the matrix units at position 00 in resp. the + and — fiber of i?(Z^(N))© 
B{1?{N)). Then egQ"* are precisely the spectral projections at eigenvalue +1 of W . Hence to determine 
a(eoo), we should try to determine the eigenvectors for 1 and —1 of S+(II^), using the notation 
introduced at the end of the previous section (Notation I1.6P . To make the enunciation of the following 
Proposition and subsequent ones more succinct, the following notation, extending the one in Notation 
10.71 will come in handy. 

Notation 2.3. We denote = for the set TL. We denote J^") = -li"^ - 1 jor the set N. We 

denote by J the disjoint union J = j(+)u J(-). 

We then use the same notational conventions for elements in J as for elements in I . 



Proposition 2.4. The spectrum of the operator a+(W) equals {+^^'',0 | r e N}, with not occurring 
in the point spectrum. 

For r 6 N, an orthonormal basis for the eigenspace of +q'^'^ is given by the vectors ^^f^ with p,t e X 
and p + r e J^-\ determined by the formula 

00 

= 2 ^ n) e„ ® et-n ® ep+„ sJ^+® l^{n), 

n=0 

with 



Qq2{p+,r,n) = (+#(±1)>- 



2 



{+q2r,+2r+2. g2)V2(^4. q^fj^-l- q^fj^^q^- ^2)1/2 

/ q-2n q-2r +q-2p-2n ^ ^ 

' ^'^'^ \ Xn-2p-2n-2r n \Q ,Q 



The proof of this Proposition will be presented in Appendix iBl 

Now denote by = ij = J^i + J^_i the range of the spectral projection of S+(VF) associated 
to the set { — 1, 1}. This then equals the range space of a(eoo)- Further recall that /_ denotes the set 
Ng . Then, by the above results, we can define a unitary map 

where we recall that Cn"-* = e„_^ for n e /_. 

In the following Proposition, we will again use the notation /_|_ = N. 
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Proposition 2.5. The map 



defines a unitary, and {u* 01)0 coincides with the unitary constructed in Definition \l.^ 

Proof. The fact that ^ is a well-defined unitary is of course immediate by the previous Proposition. 
Then, from the way S_|_(y*) acts on the non-normalized eigenvectors r]^J+^ in the proof of Proposition 
2.41 (see the identities dH), (l5|) in Appendix [B]) , we have, for r e N, t e Z and p s J^-\ that 



) Cr 



_ Jt+2r,p-T) 

— ?r,+ 

= a(ero)Co!+''' 

which proves the Proposition. □ 

As mentioned in the first section, we may treat Q itself as the implementing unitary of a, as the 
unitary u only serves to reparametrize the Hilbert space a(eoo)(=^^ ®/^(N)). 

Now further denote 

and denote P+ = ^(1 + e) and 

g?(±) = (p+ ® i)g. 

Then e is precisely the self-adjoint unitary which appeared in Proposition II. 7^ so our notation is 
consistent with the one introduced in Notation 11.81 It is then also easy to see that 

gWs+(vF) = ±(i®H^W)e?(±\ 
g?(±)s+(y) = ±(i®yW)g(±). 



Hence 
Write now 



a(±)S+(x) = ±(1 ®x(+))g(±\ for all x s ^'^{S\ 



goo/' 



r,s—0 

as a (T- weakly converging sum, where si^^ : ®/^(Z) /^(/i""*) ® 

Proposition 2.6. For n e N, A; e Z, we have 

V2 (+g2.+2.+2. ^2)V2(^4. <;4)l/2(^4. ^4)1/2 
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Remark: Using transformation formula (III. 11) of [6], we have 
Hence we can also write 

. , 1 „(„_!) ('xr;2^+2r'-2n+2 2^/2^ 2n+2 2^/2 

V2 (+<^2s+2r.+2. g2) V2(^4. ^4)1/2 (^4. ^4)1/2 



Proof. We have that for n e N, fc, / 6 Z and m 6 

<e^^(x)ez,gg)en(x)efc> = (e^^^ ® ® e,, e„ ® ® e^) 

= {Cr,± ,e„®efc®es> 

— 'Jm,n—r—s— 

The Proposition then follows immediately by the concrete form of the given in Proposition [21 

Definition 2.7. We define the following operators: 

Lo+: PiI+)®P(Z)^PiIo)®P(^)- e„®efc ^ (g2"+2; ^2)1/2 



□ 



/: l\l_)®l\'L)^l\l_)®l\Z): ei±)®efe^(±ir+iei±) 
Note that the map Lo+ also appeared in [2] (and [23]). 
Definition 2.8. For r, s 6 N, we define polynomials K^r^ as follows: 

( o-2mm{r,s} _ -2min{r,s} 
-f^r^.rW = 2¥'l ( +g2|r-s|+2 I? , 9 2; 

Proposition 2.9. For s r, we have 

\s / 4 4\l/2 2s— 2r+2 2\ 

^'^'^ " "TT^ (^4.^4)1/2 (7^7^ ^-0^0 (5 5)6 



)oo 



For r ^ s, we have 

( ( 4 4\-'-/2 (\ 2r— 2s+2 2\ 
- (^4.^4)1/2 (,4;,4)^ ^-0«0 (6 6)(-g6 ) . 

Proof. For s ^ r, we have, by applying the transformation formula (III. 6) of [6] with respect to q' 
as the terminating factor, that 

„-2n „-2r -|-n-2s 
9 ±9 I „2 „2 



-2r 



3^2 [ ^q-2s-2r g I 9 , <? 
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(^^2s+2.^2)^ 2V5l^ +g2 



^ /-r„2s+2_2^ , ^2s-2r+2 I 9 >9 



while for r ^ s, we have, applying transformation formula (III. 6) of [6] with respect to q '^^ as the 
terminating factor, 

(„-2n _i_„-2r ^— 2s 
<? ±9 Q I 2 2 

_^_2s-2r I ^ ' ^ 



(A_„2r-2s+2 2\ / -2s „-2s 

2s-2n\sl3|^/ 1 1 )s „ I 1 ~9 I „2 2n+2 

Ir^^^^WlT I ±,2-2s+2 



(-« ) /^„2r+2. „2^ 2¥'l 



Then with the above transformation formulas at hand, the Proposition follows straightforwardly from 
the formulas for Q^'^^ in Proposition 12.61 and the remark following it. □ 

Remark: It seems odd that in the formula for Gr^\ an extra 'parity operator' / appears when switching 
from r ^ s to s ^ r. We have no real conceptual reason to explain this phenomenon. 



3 Identification of the refiected quantum group 

In the previous section, we found an explicit description of the unitary G implementing the projective 
corepresentation a of {SUq{2)) on B{P{f^)) ^ ^"^{RPg). As Q was defined as a unitary from 
= f{I+)®P(Z) to jr_ = f(I_)0p{Z), we will have that the space N for G, introduced in the 
Notation 11.31 will be a subspace of B{J^^,J^_). 

Lemma 3.1. The equality N = ^{—, +) holds. 

Proof. We recah that ^(-,+) was just the space B{P{I+),P{I_))®.Sf{Z) c B{J^+,jr_). As it 
is immediately observed from Proposition 12.61 that all ^o,r = Qq^J + Gq J commute with 10 3, 
with S the bilateral forward shift on /^(Z), it follows that ^o.r ^ .^{—,+) for all r e N. As 
J("^{SUq{2)) = ^{+,+) = B{f{I+))®^{Z) by definition, and N is generated by the ^o.r as a 
right ^(+, +)-module (again by definition), we obtain the inclusion N c ^(— , +). 

Now, using the notation introduced at the end of the previous section, we have Qq^^ e N hy Lemma 

[L9l Take p e N. It follows then from Proposition EJl that Gqq {epo ® 1) is a non-zero scalar multiple 

of the matrix unit e(-p_i-)^ q ® 1 in B^M'j^^Jlf^), while ^Qp''(eoo <8) S~p) is a non-zero scalar multiple 
of the matrix unit e(_p_i-)_|. q ® 1- So A'^ contains all matrix units of the form Cp^o ® l, for pel. As 
N is by definition closed under right multiplication with elements in ^ (+,+), it follows that indeed 
N = ^{-,+). □ 

/ P N 

It then follows immediately from this Lemma that the linking von Neumann algebra i q j^^ 

associated to G, using again Notation 1 1.31 equals precisely the {— , +}-part of the von Neumann algebra 

Q in TheoremESl i.e. (^^ ^ ^ = ^ ~j +j ^ , with in particular M = ^«^(5[/,(2)). 

We also recall that we denoted by F and T^u (or F^, T^v, . . .) the comultiplication and its constituents 
on Q, as obtained by the method explained in Proposition [T31 Further recall that we defined another 
collection of maps A^^, on ^(/i, i') in the discussion preceding Theorem 10. 9i 

Proposition 3.2. The comultiplications A^i, and T^i, coincide for fi^v & {— , +}. 
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Prom this Proposition (and from Proposition ll.Sp . it will then immediately follow that the A^j^ for 
IJi,v s {— , +} are coassociative. In particular, as we will not actually need to use that A_ is coas- 
sociative, this will give an alternative proof for the coassociativity of the comultiplication A_ on 
^«^(5!/g(l, 1)) (first established in [n]). 

Proof ( of Proposition The fact that r+_|_ = A_|_+, the natural comultiplication on ^'^{SUq{2)), 

was part of Proposition 11.51 

Further, as ^(+, — ) = ^(— , +)*, and ^(— , +) • ^{+, —) is ci-weakly dense in ^(— , -), the equali- 
ties A = r and A_| = r_| will immediately follow from the equality A |_ = P |_. 

But A \-{xy) = A |_(rE)A_|_+(y) and P i-{xy) = P |_(x)P++(y) for all elements x 6 ^(— ,+) and 

y e -2'(+, +). So we see that it is sufficient to prove, for p e /_, that Ajv(epo ® 1) = PAr(epo ® 1). 
As both these expressions vanish on S,r,s,p,t P ^ ^Oi it is already sufficient to prove that, for 
p 6 /_ = Z u Nq and r,s,t e Z, we have 

r7v(epo ® l)Cts,o,t = Cs,p,t- 
Using the formulas for the Gr,s in Proposition 12.61 we see that for p 6 N, 

^oV(^pO ® 1) = ^92^^^ > e(p-i)+,o ® 1 

(-r;r)o6 

and 

(+rp+^;r)o6 (9^;ry 

Then since, for m,n,p 6 N and r,s,t,k e Z, we have P++(em„ 5''')^+^^^ = (^n.p ^;:^s,m,t+fc 
Proposition [031 and PAr(xy) = PAr(a;)PM(y) for 2; e and y e M = ^'^{SUq{2)), we see that it is 
sufficient to prove that for p e Nq, we have 

/ 2 2\V2 



loo 



and that for p e N, we have 



v,s,(-p-i)+,t+p - ,„ „.i/2 J- Afifo,p Kr,s,o,^• 



(3) 



Prom Lemma 1 1.91 it follows that 



+ jeN 

and 

t(+)^^(±) 



+ jeN 



as (T- weakly converging sums. 
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We will in the following use the alternative expression dTJ for the function which appears in 
Proposition 10.41 Then using the formulas from Proposition 12.61 we get from the formulas in the 
previous paragraph, after some easy simplifications, 

v—w—t 

iq'''^'-,q')a.{q'^^'-,q')U\+q'^-''^'-,q')l^'(+^^^^ 

{q'^q'UQ'^l'U 

Q Q I 9^ 9^ j <^v-j-i ® er+p-u)+j ® ejj-j^_^ ® es+v-p-j, 

where we recall that by convention ea = when a ^ /_. Now we apply the change of variables 
j = w + m. Changing then the order of summation, we get, using still the notation J^"*") = Z and 
J(-) = N, 

^N{Gofi)S,r,s,p,t = 

m-n^t v-w=t 

Now with the conditions on m, n, f , if as in this summation, we can write 

/ 2n+2 2\l/2 

{+q'''^';q')V'{+q''-^';qyj' = ' ' 7/2 A- 

(+g2m+2.^2)V2 

Then we can apply the summation formula in Proposition lC.il with x = +q^'^ and y = ig^" to obtain 



m—n—t 

2n+2. ^2^1/2 / — „-2n 

1 9 , J-On-LO \ ( + 1 _ 

^r+p+m 09 6— m— 1 ® ^s— n— p' 

00 



(+g ''^ )^ .J / +g-^" I 2 , 2™+2p+2\ (±) ^J±) 



Plugging this into the right hand side of equality ([2]), a straightforward comparison of coefficients 
proves the validity of the identity ([2]) . 

The other case ([3]) is entirely similar. We first write again in the 3(y92-form as in the previous case, 
as this then simplifies immediately inside the expression for q^. Next, for /i e {"!+}> write the 
expansion for r7v(^o'p) ^ 
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and, when evaluating it on Crsov formula in Proposition 12.61 for the factor GQ^j^\ and the 

slightly different expression given in the remark below that Proposition for the factor Qj'^- We find 



1 1 



v—w=t i—j=p 

(+g2.-2.+2. ^2)l/2(^^^2,-2.+2. ^2)1/2 (^2.+2 . ^2)^ (^2^+2 . ^2)^(+^^2,+2. ^2^ 



(+g2i+2.g2^ 



lOD 



,cz,o(^^'" -"^ la^aAe^^^^ (x)e ■6<)e(±) (x) e 

3¥'2 I +g-2« 19 j e^-j-i^Ser-w+j 'i9e^_^_^li9es+v-J+p■ 

l^ we then apply the change of variables j = v + m and i = w + n and change the order of summation, 
we obtain 



- ^"^^ ^ V V f+orr + Uo2"^+2 Xo2n+2. „2^1/2 



m— n=— t— p 



/'_i_,,„2n-2p+2«)+2 „2n-2m-2p+2«)+2 „2u;+2. „2\ 
-2m-2p)w l±/^g ;g Joo 



(q:g2?i+2«)+2. ^2^ 



/ q-'^w _|_ -2?i+2p-2«) -2p \ 

Using then the summation formula in Proposition IC. 21 with x = +g2"-2p g^j^^j y _ -j-g2m (^g^j^^^ with the 
+ in that Proposition replaced by /i), and plugging this expression for ^N{G()^p)S,rs o t right 
hand side of the identity ([3]), we can again conclude that both sides are equal. 

□ 



4 The linking weak von Neumann bialgebra between 

SUq{2) and Eq{2) 

The main part of this section consists in showing that, in Theorem 10.91 the A^i, with /u, 6 {+,0} are 
coassociative. This will then let us conclude the proof of that Theorem in a straightforward manner. 

For the {0, +}-part of (Q, Aq), we do not have to go through as much trouble as for the SUq{l, l)-case, 
as we have already treated a lot of material concerning it in [2]. Let us state one of the main results 
from that paper (see Theorem 3.13 and Theorem 4.4). We will use notations as in the introduction. 
Also recall that the operator Lo+ we will use was defined in Definition 12.71 

Proposition 4.1. There exists a unital, normal, coassociative * -homomorphism 

( ^(0,0) ^(0,+) \ / ^(0,0)0^(0,0) ^(0, +)®^(0, +) \ 
• V ^(+,0) ^(+,+) )^\ ^(+,0)(8)^(+,0) ^(+,+)®^(+,+) ) 

which restricts to maps 
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and such that Tqq = A^,,,^^^^2))^ ^++ = ^^»(SC/g(2)) and 

CO 



If. 
k=0 



this last sum being convergent in norm. 

The coassociativity of the A^^, wih then follow immediately from the following Proposition. 
Proposition 4.2. For all e {0, +}, we have A^j^ = T^^. 

Proof. We first remark that we have not substantiated yet the claim that Aq, in the form represented 
in Proposition 10.61 equals the comultiplication in Definition 10.51 which we will momentarily write as 
(2)) distinction. This equality will be proven in the course of the proof. 

We observe that the Proposition will follow once we prove that Ao(ao) = roo(ao) and Ao+(Lo+) = 
ro+(-Lo+)- Indeed, suppose this is satisfied. Then as the equality 

(^if"(5c/,(2)) =)A+ = r+ 

was part of the previous Proposition, we will have that, for x e ^°°(5C/g(2)) and m e Z, 

Ao+(a^Lo+a;) = Ao(ao)™Ao+(Lo+)A+(x) 

= ro(ao)'"ro+(i.o+)r+(x) 

= ro+(a^Lo+x). 

But the elements of the form a™Lo+x are easily seen to be cr-weakly dense in ^(0,+). So then 
Ao+ = ro+ follows from this. As in the beginning of Proposition 13.21 this will allow us to conclude 
^tiu = r^i, for ah e {0, +}. 

We now first show that Ao(ao) = oo ® ao- By the definition of Aq as given in Proposition 10.61 this 
means that, for r,s,t € Z and p e Iq = we should have 

^r,s,p-i,t= Pq'2(p,'V,w)ey-i ^er+p-w^e^^j^i^es-p+v- 

vywelo 

v—w=t 

Comparing coefficients, this reduces to the identity 

(p-l,V-l,W-l)= P°2 {p, V, W) 

for all p,v,w e Iq. This is in fact immediate from the definition of P^2, as the formula only involves 
pairwise differences of the v, w and p. 

Thus the only point left to prove is that Ao+(Lo+) = ro+(-^o+)- Choose a vector ^r,s,p,t with r,s,t e "Z 
and p e /+ = N. It is then sufficient to prove that Ao+(-Lo+)^?^<j,p,t = ^o+iLo+)Cr,s,p,f Using the 
definition of Ao+, and the formulas for Lo+ and ro+(-Lo+) stated in the previous Proposition, this 
becomes the identity 

00 / 2v+2 2w+2 2\l/2 

v,wel+k=0 W .</ Jfc 

v—w=t 

'^v—k ® ^T+p—w+k ® ^w—k ® ^s—p+v—k- 
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Multiplying both sides with {—q) ^{q^; q^)a3{<f^~^'^', q^)co^'^ ■, and using the definition of P^2 (see Propo- 
sition [OlH]) and the expression ^ for the function P^t (see Proposition I0.4p . this becomes 



dy (X) ej._|_p_5jj (X) (X) Cg—p^y 



2 ( 0^^, 

= t 

00 ('n2f+2 „2i«+2 „2fc+2.„2\ / „-2«) „-2t) „-2p \ 



v,weIo 
v—w=t 



v,wel+ k=0 
v—w=t 



^v—k ® ^r+p—w+k ® ^w—k ® ^s— p+u— A:* 



But the coefficients on the right hand side make sense for all v,w 6 Iq, and are moreover = when v 
or w is not in /_|_. We may hence take the summation on the right over Iq, and then a comparison of 
coefficients shows that we must prove the following summation formula: for all i;, w e Z and p e N, 



^_q^-w q(p-w)(v-w)^ I u I ^2 „2p-2ji)+2 





q2v-2w+2 \ Q 

00 /„2t)+2fc+2 ^2w+2k+2 „2fc+2._2\ 



(-_^-jA;^(?;+fc)(u)+A:) + (p+fc)(i;+«)+fc)_l^ 



-2w-2k -2v-2k -2p 
■ 3^2\ ^ \ Q I 



But, with t = V — w, the right hand side can be rewritten as 

oo ^ /^2fc-2«>+2 „2t+2fc+2.„2\ / -2k „-2t-2k ^-2p \ 

V (_g)fc-.^3fc^+2(*+p-.).+(p-.)* (9 ^ / 9 9 g I ^2^ ^2 \ ^ 

and the identity then follows by applying Proposition IC . 31 with respect to x = q~'^'^ and y = g^*. This 
finishes the proof. 

□ 

Combining this result with the work of the previous section, it is now an easy task to finish the proof 
of Theorem [091 



Proof (of Theorem \0.9\) . Using the notation introduced before the Theorem, we have shown in the 
previous sections that all maps A^^, are coassociative, except for those with n ^ v inside { — ,0}. But 
take X 6 ^(0, +) and y 6 ^(+, — ). Then from the definition of the A^y, it follows immediately that 
Ao-(xy) = Ao+(x)A_| (y), and hence 

{AQ_®i)AQ_{xy) = (Ao+(x)OAo+(x)(A_o®OA-o(y) 
= (t® Ao+)Ao+(x)(6® A+_)A+_(y) 
= (6® Ao_)Ao_(xy), 

where the second identity follows from the results of the previous sections. As the set 

^(0,+)-^(+,-)c^(0,-) 

is cr-weakly dense in ^(0, — ), we have proven that Aq- is coassociative. The coassociativity of A_o 
then follows immediately by applying the *-operation. This concludes the proof. 

□ 
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Remark: One can also prove an analogue of Theorem lU.9l if we replace SUq{2), Eq(2) and SUq{l, 1) by 
the respective Z2-quotients SOq{3), Eq{2) and 1)/Z2 = Og(l,2) (although this final quantum 

group may require a different interpretation, see the remark after Definition 10. 8p . The reason is that 
the actions of SUq{2) on the Podles spheres descend to SOq{Z), so that one may equally well apply 
our theory of projective corepresentations to S0q{2>) with respect to the standard Podles sphere and 
the quantum projective plane, as to obtain in this way a 3x3-linking weak von Neumann bialgebra 
between the mentioned quantum groups. In fact, the only reason why we have worked with their 
double covers is that these have received more attention in the literature, so that it was easier for us 
to refer to the known results concerning these quantum groups. 



A On the tensor product representations of =Sf°°(-S'?7g(2)), 
^'^{Eq{2)) and ^°^(ST/^(1, 1)) 

Let us comment on the proof of Proposition 10.41 Proposition 10.51 ^'^d the equivalence of the Definition 
10.81 with the one in We will use the same notations as in the introduction. 



For the case of SUq{2), there are several references to give. In [12], the spectral decomposition of the 
operator A+{b^b+) was found. This was given in terms of a basis F^^ ^ ^ of /^(Z)®/^(Z)®J^. (The r-s- 
variables were not present in that description, as one worked with a different, irreducible representation 
of the polynomial function algebra of SUq{2). But the insertion of the extra r-s-variables is entirely 
straightforward, and simply a question of doing some small bookkeeping on shifts.) However, for the 
action on the p-t-part to be exactly the same as the original representation of ^'^{SUq(2)) on J^+, 
one should add some minus-signs: the correct basis then becomes F^s,p,t — i~^V-^7\s,p t- That the 
associated unitary Fr^s,p,t er ® eg ® Cp ® et then implements the comultiplication on ^'^{SUq{2)) 
was presented in detail in |7| (we would like to thank W. Groenevelt for providing this manuscript). 
Now the concrete formula for the F^^ ^ ^ is 

Pi^s,p,t = Yj I Q'^)^w+t ® er+p-w ® e^„ ® Cs-p+t+w, 

weN 

where is the normalized Wall polynomial: 

PU<i'';^' I <i') = (-i)-g(^-)(^+^) ^^ ^ \l\ ^- pU^';g'\o I q% 

(r;r)o6 (r;r)J 

( -2l« Q \ 
q2t+2 I <f^<f^^'^\ the ordinary Wall polynomial (of degree w in 

the variable q^^ with parameter g^*). One then uses a limit version of the identity 111.(3) of [6] to 
arrive at the expression we used in Proposition 10.41 (this was also observed in the remarks following 
Proposition 3.3 of [H]). On the other hand, using the transformation which appears at the end of 
section 2 of [12], we get the expression ([T|) for the functions appearing in Proposition 10.41 

We remark that an implementing unitary for A+ (in fact, a concrete description of the regular left 
corerepresentation of SUq{2)) was also obtained in [15]. 



Proposition 10.61 was proven in the course of Proposition 14.21 However, we should remark that in |10| . 
a spectral decomposition of the operator Ao(6o&o) was obtained. This gives an eigenvector-basis that, 
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as with [12| in the previous paragraph, is almost the same basis as the one we obtain, but modulo 
the appearance of some extra minus sign. We should also note that 

where Ja{z;q^) is the i99i-(7-Bessel function 

T / 2n a 1 ,j, I I 2 2 2 

= ' [<i'''^' ''''' 

Finally, we must comment on the definition of SUq{l, 1) we presented. The equivalence with the one 
in [llj is again straightforward, though there is now an extra element which should be observed. 



We first introduce a certain operator Q e ^'^{SUq(l,l))®^'^{SUg(l,l)). As e is a self-adjoint 
unitary inside 1)), we may identify W*{e) with C(Z2), sending e to the identity function. 

As e is group- like, this will moreover intertwine A_ with the natural comultiplication on C(Z2) coming 
from the group structure on Z2. Denote then by w 6 C(Z2) ®C(Z2) the 2-cocycle function 

u)(fj,, I') = 1 if and not both — 
u){fj,,u) = — 1 if fi = v = —, 



oj : lo X Z-2 ^ 



and denote by Q. its image in .if *^(S'C/q(l, l))®.if*'(5f7q(l, 1)), using the above identification. More 
explicitly, we have that Q is given on ® as the operator 

ev ® ® ew ® = a;(c(v), c(w))ev ® ® Cw ® e^. 

The 2-cocycle property of oj will give the following identity for il: 

(Q_ ® 1)(A_ ®i)(17_) = (l®17_)(i® A_)(17_), 

i.e. O is a unitary 2-cocycle ([5]) for A_. This implies that (^'^(S'C/g(l, 1), r2A_( • is again a 
well-defined von Neumann bi-algebra. 

Let us now turn to the definition of SUq{l,l) presented in [IT]. We first remark that in [TT], one 
identifies our set /_ with a subset of M by the correspondence p+ <^ +(?~^. Denote then by J^r,s,m,+q-p 
the basis elements introduced in Definition 3.6 of [IT]. One computes, using Result 6.4 and Proposition 
6.6 of [llj . that the following relation holds between the vector bases J- and 

This implies that, if we denote by A_ the comultiplication as introduced in [llj by means of the 
vector basis J^, we have the following relation: 

A_(x) = nA_(x)n*, for all x e ^"(^^(l, 1)). 

But in fact, (^=°(SC7g(l, 1)), rJA_ ( ■ is just an isomorphic copy of (^*(5T75(1, 1), A_( • ))• To 
see this, we remark that, as we have taken u as an -valued 2-cocycle on Z2, it is a coboundary: we 
have uj{^,v) = f^^^^j^^-^ with /(-I-) = 1 and /(— ) = i- Denote then 

u : Jif- Jif- : ep ® Cr ^ /(c(p)) Cp ® e^, 

and denote 

(/) : ^"^{SUgil, 1)) ^ ^"^{SUgil, l)):x^ uxu* . 
Then one gets that Q. = {u* ®u*)A_(u), and so 

A_((/)(x)) = ((/)®(/.)(J7A_(x)0*), for all x e ^"^(SU g (1,1)). 

This thus proves that (^'^(S'C/g(l, 1)), A_) and (^'^(S'f7g(l, 1)), A_) are isomorphic von Neumann 
bialgebras, and justifies our use of the basis 
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B Spectral decomposition of a+{W) 

In this appendix, we will determine the spectral decomposition of the action of SUq(2) on the equato- 
rial Podles sphere and on the quantum projective plane. We are not aware of this concrete computation 
having been carried out explicitly in the literature, but the method is quite standard (and could prob- 
ably be shortened somewhat). 

We will use the notation as introduced in section 12. 2[ 

Proposition B.l. The eigenspace of the eigenvalue +1 of a+{W) has a basis of orthonormal vectors 
where t e Z and p e J^-\ these vectors being given by the formula 

Proof. Denote, for t,p e 

X^^v = <|g^ ®em®ek\m^n = t,k-n=p'\)^l^{^)®l^{T)® /^(N), 

where (5) denotes the linear span of a set S. Then, since for n, e N and m e Z, we have, by the 
definition of S+(M^) in Definition | 



+ (1 - (1 + q^)q^'^)q^^en ® ® 

- g2")V2(i _ q^^fften-i®e^+i®ek-^, 

we see that S+(VF) restricts to each J(f^'P, and determines there a Jacobi matrix. 
We make a distinction in the analysis between the case p ^ and p < 0. 

First we consider the case p ^ 0. Then we have a unitary map /^(N) J^^*'^ such that 
en®et-n®ep+n- Under this identification, the restriction of a+{W) becomes the Jacobi matrix VF^^^ 
with 

WiP)en = (?"(!- g2"+2)V2(l_^4(p+n)+4)l/2g^^^ 
+ (l-(l+g2)g2ny(p+n)g^ 

Each eigenvalue then arises with multiplicity one, and an eigenvector at eigenvalue x is given by 
Vx'^ = ^ fn'\^)^n, where flf^ is the sequence of functions satisfying f^^ = 0, fo'^ = 1 and 



Denote 

2 . .„ ^.4.„4^1/2 



{q ,q 



J2p+2 



{q^;q')y\q^:q^ff' 



X 



for some other function Pn ■ Then Pn should itself satisfy the recurrence relation 

(1 - (?^(^'+"+^))Pi^i(x) - ((1 - (1 + g2)^2n)g2n+4p+2 ^ 1)^^(3;) 
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Hence, for example by [9], section 3.11, we see that Pn\x) = Pn{x; q'^^, —q^^] q^)-, where Pn{x:, a, 6; q) 
denotes the big g-Laguerre polynomial 

Pi h \ / g-" X I 

P„(x;a,6;g)= 3^2 | 

So 

Now we know that the eigenspace J^+i for the eigenvalue +1 of a.+ {W) will be spanned by the 
,3^+1 n We now show that each has eigenvalues 1 and —1. 



+(?2P+2 , 2 2^ _ ( 0,22 



We first remark that 

3V52 ( - „2p+2_„2p+2 ir,rj= 2y'q ' ^^2p+2 

Then, using a limit form of the g-Vandermonde formula ([6], Equation 1.5.3), we get 

^ +^2p+2 I 9 ,9 J - ( + 1) 9 \+g2p+2.g2)^- 



/_ 2 2\l/2 



Hence, using the formula {a?]q^)n = {a; q)n{—a', q)n, we get 

/ N n(n- 

/(p)(±i) = {±irq— 
= i±irq 



{q';q')l/\+q';q')l^'{±q^P+^;q^)l/' 

(+g2p+2. ^2)1/2 



(g2;g2)y2(+^2p+2.g2)y2- 

So, by using a limit form of Heine's summation formula ([6j, Equation H.S), 



CO / 2p+2 \ 

Y,\fi'\±i)\' = mf t'2p+2 

n=o v — y / 

(-i;g')oo 



(±g2f+2;g2)^- 

Hence +1 appears as an eigenvalue of W^^^^ with eigenvector 7]^l e We then find that the inter- 

section of the eigenspace J^+i with the closed linear span of the with p ^ has an orthonormal 

basis consisting of the vectors 

?o,±-2.(+ljg . 1. o^l/2.„2.„2^V2 e„®et_„(x)ep+„. 

n=o I '-^q )co \q ^q )n 

We move on to the case p < 0. Now we have a unitary map /^(N) ^ such that corresponds 
to ek-p®et-k+p®e.k. Under this identification, the restriction of S+(W^) becomes the Jacobi matrix 
with 

VF(P)efc = ^^=-^(1 - <;2fc-2p+2)l/2(^ _ ^4fc+4)l/2g^^^ 

+ (l-(l + gV=-^))g''e. 

+qk-P-\l - g2fc-2p)l/2(i _ g4fc)l/2g^_^^ 
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Again, each eigenvalue arises with multiplicity one, and an eigenvector at eigenvalue x is given by 
'Ux^ = '^fk'\^)^kj where now f^^^ is the sequence of functions satisfying f^^ = 0, /q^-* = 1 and 

_ ^2fe-2p+2)l/2(i _ g4fe+4)l/2_^(rt + (1 " (1 + q^)q^^''-''^)q'"' (x) 

Now put 

(r;r)fc 

for some function -P;^''''- This Pjf^ should then satisfy the recursion formula 

(1 _ q2k-2p+2^^^ ^ g2fc+2)p(p)^(^) _ ((-L _ ^ ^2)^2fe-2p)^2fc+2 ^ l)p(f)(^) 



fe+ 

„ „ T „ Ur — Ur d(p) 



a; . 



So is again a big g-Laguerre polynomial, namely {x) = Pk{x;q — We then have 

We now show that W^p^ has 1 in its spectrum, but not —1. 

We first show that 1 is in the spectrum. Using again the g-Vandermonde formula, we have 

/ q-2k 2\ / 0,22 

1 q-2p+2 _^2 \q ,q j = 2^1 [ q-2p+2 \q ,q 

^-2pk+2k 



Then 



(g-2p+2.g2)^- 



So, using again the limit form of Heines summation formula, we get 

00 / 2 \ 

Y.\f'k\^)? = m( "2?+2 \q\-q-'A 



fe=0 



Hence the formal sum -q^f^ gives in fact a well-defined element inside J^*'^, and we find that the 

intersection of the eigenspace with the closed linear span of the J^*'*' with p < has an orthonormal 
basis consisting of the vectors 

, . i-^fc i> ( «2. _2\l/2/„2fc-2p+2. „2\l/2 

^0,+ - ZjI 1 . -2p.^2^l/2.„2.„2^l/2 ^k-p®et-k+p®ek. 

k=o {—q ^^^q )oo {q ,q )k 

Now for n ^ —p, we have 



. „2^l/2 

00 



i-q-^P; q'')U\q^; q^tJL {-q^n+2p+2. q^)]l\-q-2p. q2)f {q^-q^ff 
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and 



2 



Hence we can also write 



, ^ =0 ^ i> (' r,2p+2. ^2\V2/-„2p+2n+2. „2\V2 

^0,+ - Zj g , 1 2^l/2/ 2 2^V2 e„(x)et_„Cx)ep+„, 

n=o (-i;r)o6 (r;r)n 



which is precisely the same formula as for the p ^ case. Indeed, we could also have checked directly 
that this is also an eigenvector of norm 1 for the eigenvalue 1. 

Now we show that has no eigenvector for —1 when p < 0. First remark that, using the transfor- 

mation formulas (III.5) and (III.l) of [6j, we can rewrite, for —p > 0, 

3^2 I ^_2p+2 _^2 \Q 

/ „-2k „-2p 
-( n-2fc.„2N-l ,^ 1 9 I „2 2 

- [-Q ,Q k 2V'l I „-2p+2 \Q 



jy joo q -q \ 2 -2p 

2^1 [ „-2k+2 \q^Q ^ 



But clearly 



{-q-^'';q^)k{q-^P+^;q^)oo{-q^;q^ 



1^ 2^l( \^2,l2 ig''g"'' 

CO \f{p)^ im2 



for all —p > 0. So to see if Xlfc^o = +'^' have to check if 



-+00. 



Leaving out more non-essential factors regarding the convergence, the sum simplifies to 

00 

£^-fc^-(-2p+3)fc(i^^-2/c)-2^ 



which is clearly divergent. 



□ 



It is now not so hard to find the complete spectrum of S+(Ty) by using the operators a+{Y) and its 
adjoint, as given in Definition 12. 2[ 

Proof ( of Proposition \2.4\ )- The fact that a+(W) will have its spectrum inside {+(7^", | n 6 N}, with 
not in the point-spectrum, is immediate. 

Using the same notation as in the previous proposition, denote, for r 6 N and t,p e Z, by J^J'f the 
eigenspace of the eigenvector iq"^"^ inside J^^''^ (which could be zero-dimensional). Then for r > 0, 
we have, by using the commutation relations between W, Y and Y* , 

Pi (V\ ^^'P — ■^t-2,p+i 
~ /V\* T^t'P _ -v^t+2,p-l 
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Denote, for r e N and t,p e Z, by ?7^*+'' the formal eigenvectors which we denoted as ??^g2r- ^ 
in the previous Proposition. Then by combining the above remark concerning a^{Y) and its ad- 
joint with the previous Proposition, we see that in the +- case, ah values of p and r correspond to 
actual eigenvectors, while in the — case, we have the restriction r + p ^ 0. Moreover, the linear span 
of the where r,+,t and p range over all admissible values, will then be a dense subspace of 

Now we have, by comparing leading coefficients in the standard basis decomposition, for p > that 

a+(y*)r/(;j) = -q{l - g^0V2 (4) 

while for p ^ 0, we have 

a+yi - _^_2p+2)l/2^ ^r+l,+ ■ 

Since YY* = 1 — q^W"^ by an easy computation, we then have, taking norms of both sides, that, for 
and for p ^ 0, 

{^-1 mr,+ \\ ~ q-2p+2^1 ll^r+l,+ II • 

By induction, we then find the following formulas for the norm squared of the ry- vectors: if ]5 ^ 0, we 
have 

II (t,p)||2 ^ -2-r (g'^;g'^)r(-i;g^)oo 

ll^r,± II 9 (^4p+4.^4)^(+g2p+2r.+2.g2)^' 

if r + ]5 ^ > p, we have 

II (<.p)||2^ -p^-p-2r (q'^; g^)-p(+g^'"^^; g^)oo(-i; g^)oo 

ll^r-,± II q (+g2r-+2.g2)^(^g2r.+2p+2.g2)^ ' 

and for > r + j9 > we have 

II (t,p)ii2 ^ ,2-,+2rp (g'^; q%{q^; g^)oo 

" ^ (-g2;g2),(^2.^2)_^_^(^-2r-2p+2.^2)^- 

Denote by ^^*+ = *'"[tj) ^r*+ the normalized eigenvectors for 3+ (W) (the reason for the extra sign 

factor (+1)^ is that Proposition 12. 51 would hold). Then, from the expressions for r]^+^ in the previous 

Proposition, together with the above formulas for the norm, we have concrete expressions for the 
in terms of 3(/92-functions. We next want to write these in a different form. 

Using, for p ^ 0, the transformation formula 



{ ' ^ ,"2 T!2p+2 |g^g^) = (-ir 



-2n 



+g2p+2.+2 X (^g2p+2.+2.^2)^ 



+g2p+2 ^q2p+2 \H,HJ y ^^q-2p-2n.q2)^^+q2p+2.q2^^ 

(„—2n r,—2r _i_„— 2p— 2n 

Q Q ±q I 2 2 

-^q-2p-2n-2r q I g ) g 

which is a combination of the identities (III. 5) and (III. 6) of [6j, we find, after some simplifications, 
that the ^^*+'' P ^ satisfy the formula in the statement of the Proposition. 
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In case p < 0, we can use the same identities to get, for k = n + p ^ 0, the transformation formula 

• 3¥'2 1 -p^-2fc-2r I ^ ' ^ 

from which, again after some simphfications, we see that the formula for in the Proposition 

is still valid in this case (where we note again that, in the case of negative eigenvalues, the r,p are 
restricted by the condition r + p^Q). □ 



C Some summation formulas for basic hypergeometric 
functions 

Proposition C.l. Suppose x,y e Cq and p e N. For w sN, write 



,('?'"'+'f;g')oo(xg2-+2.^2)^(_^2^.^2) 



Then 

=0 / „-2«) n-'i'^y n-'^V \ / — i \ 

w^O ^ ^ \ ^ 3/ / 

Proof. As the 39?2-term is a polynomial of fixed degree p, it is easy to see that the double sum on 
the left hand side is absolutely convergent, so that we can change the order of summation later on. 
Moreover, both sides are analytic in each variable x and y, so we can also restrict our attention to 
the situation x,y ^ +q'^^. 

Then the identity can be rewritten in the form 

^ or (—n'^T-n'^) / «-2«i „2wy „-2p 

^> 'i C«2^-«2^,..Yn2£.„2V..(g2.^2)^ 3'^2 ^ ^ ^ \q,q 



'y' {q'x;q')^{q'f,q')^{q';q')^'^'\ 



(rf ;r)oo(ra;;g2^oo 



Now on the left hand side, we can expand the 3(/52-term as a sum ranging from to w. Changing the 
order of summation, we can write the entire expression as a double sum over ^ : ^ oo and w : I ^ co. 
Then changing the variable w to w — I, and reversing the order of summation again, the above left 
hand side expression can be simplified to 

^ t «2^.„2\ CO r^-2p.^,2\ r „2w+2^. „2\ 

V (_-i ]W 2w^+2pwj±\w I— g X, q iVn^'P ^^ x,q )l 

i^o y (^^■^'i'Uq'^-^Q'Uq';q'hti {q'^+^x;q^)i{q^-q^)i ■ 

Now the sum over / is just 29?! ( ^^w+2r^ I ^ ■< ~^^y By the g-Vandermonde formula ([6], 

(1.5.2)), this equals f^^xJ^^fJ^i^ ■ So our left hand side expression becomes 

(— l;g^)p v-\ x«, 2ii)2+2pu)/^\«) (— g^x; c^^w 

2_i^ ^) ^ /„2£. „2V.7T-n2p+2. „2V7„2.„2V./ 



{q^x\q^)p ^0 y (g^f ;g^)«;(a;g2p+2;g2)^(g2.g2^ 
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Now the sum over w can be written as 



T / q X C 2 2p+2^\ 



Using (III. 4) of this becomes 



(-^;g^)oo / -g2^ 0,21 



y 

which by [6], (III.l) can be transformed into 



1 



□ 



((Z2p+2^,g2|;g2)^ ^^2| 

Then plugging this back into the ([6]), we find the identity we were after. 
Proposition C.2. Suppose p 6 N and x,y eCo with x ^ — g-2N-2p-2^ ^^^^ 6 N, ?i;rzie 

y (Q jQ )w 

Then 

/ —2w —2w 1 — 2p \ / jl— \ 

w^o \ 'i X / \ y ) 

Proof. As for the previous Proposition, both sides of the identity are analytic in x and y, so we may 
restrict our attention to the case x,y ^ +q^'^. We will then only give the proof for the +-case, as the 
— case is completely similar. 

We again expand the 3(/72-factor on the left hand side as a sum over the variable I -.Q ^ change the 
order of w and I, replace w by the variable w — I, and again change the order of summation. Then 
we obtain that the expression on the left hand side can be simplified to 

„ f „2p+2„. _2\ 'X' /„— 2p. „2\ 

J^o ^y' iQ'l;Q'UQ'x;q^Uq^;q^U^^^ > \\q'-+^; q'W; q'V 

The sum over / thus equals \Lp\ I 2w+2x \ g2«)+2p+2x which, by the limit form of Heines 

\^ y J 

summation formula (|6|, (II. 5)) can be reduced to , ■2^.', x ^i-, — -. Then the sum over w can be 

rewritten as 

/ 2n+2'^ 2\ T f Q ^~^'^X C ^ I 2 2'^\ 

{q^ -;g)oohm 2^2 ^2^ ^2p+2| I 9 , - J , 

which, by using again |6], (111.4) and (III.l), reduces to the right hand side of the identity we wanted 
to prove. 

□ 
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Proposition C.3. Suppose x,y e C and p e'N. For e N, write 



(g2;g2^ 



Then 



j:jl'\-,y)s^2[' \ y I |g^g^)=^(^?Jg^g^^-^ 



Proof. Both sides of the identity again depend analyticahy on the variables x and y, so we may sup- 
pose that x,y ^ {0} u g^^. 

As in the previous Propositions, we again expand the 3(/32-factor on the left hand side as a sum over 
the variable I : ^ k, change the order of k and replace k by the variable k — I, and again change 
the order of summation. Then we obtain that the expression on the left hand side can be simplified 
to 

■» ('«2^s+2t, „2fc+2 2\ / -2p \ 

gj g {Xy) ^^2.^2)^ IV'I g2fc+2^ \Q ,Q xj- 

But the i(j9i-expression can be simplified to 2k+2 — by the limit version of Heines summation 
formula (equation (1.5.1) in [6]). The remaining sum over k can then be shown to equal precisely 

^' ^ 2 I g^, g^^'''^a^^ by a (double) limit version of Jackson's transformation formula (equation 

(1.5.4) in ^). This concludes the proof. 

□ 
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